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required to assign A<£ in the former and As2 in the latter. Since
the optimum procedure for controlling either is a cwill-o'-the
wisp" and can never be found, it is not surprising that indepen-
dent attempts at controlling them has not yielded equivalent
algorithms. The results given herein and in Ref. 7 can be
immediately employed to transform a given gradient projection
algorithm into the equivalent minimum norm algorithm, and vice
versa. These results therefore can be used to eliminate
redundancy in existing computer programs and will allow
improved understanding of these often-used techniques.
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Flow Pattern of Two Impinging
Circular Jets

MICHEL A. SAAD* AND GENE J. ANTONIDESJ
University of Santa Clara, Santa Clara, Calif.

THIS Note describes a method to determine the flow pattern
resulting from the impingement of two circular liquid

streams. Using finite-difference techniques, values of the stream
function are calculated and the velocity and pressure distribu-
tions along the impingement surface are obtained.

Figure 1 shows two circular jets impinging on each other.
The centerlines of the two jets coincide so that the flow is
axially symmetric. The flow is assumed to be inviscid, incom-
pressible and irrotational, and no mixing of the two streams
occurs. Because of symmetry, the stream function, \j/, can be
defined by

u = (l/r)d\l//dz (1)
and

w = -(l/r)d\l//dr (2)
where r is the radial coordinate, z is the axial coordinate, and
u and w are the radial and axial components of fluid velocity,
respectively. The equation of irrotationality in axisymmetric flow

du/dz-dw/dr = 0 (3)
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Fig, 1 Impingement of un-
equal, opposite, circular jets.

Substituting Eqs. (1) and (2) into Eq. (3) yields the following
equation for the stream function:

d2ils/dr2 + d2\l//dz2-(l/r)dil//dr = 0 (4)
A necessary condition for a meaningful problem is that the

stagnation pressures of the two jets be equal. Otherwise, the jet
of higher stagnation pressure would drive the other jet back to
its source. The stagnation pressure is given by

ps = pa+pVj2/ig (5)
where ps is the stagnation pressure, pa is the ambient pressure,
p is the fluid density, and Vj is the upstream jet velocity. It is
assumed that the two jets have equal density and initial velocity,
thereby satisfying the requirement for equal stagnation pressures.
The velocity and pressure distributions at the interface are found
from the steady flow Bernoulli's equation

Ps = p + pu2/2g (6)
The static pressure p must be continuous across the impingement
surface, and therefore the velocity must also be continuous.

The boundary conditions applied to the model are as follows:1

1) The fluid velocity Vj along the jets' free surface is constant
and in view of Eqs. (1) and (2), the gradient of \fi at the free
surface and normal to it, dij//dn, is equal to V^r. 2) The stream
function \j/ along the centerline of each jet and on the
impingement surface is a constant and is set equal to zero.
3) It is assumed that the fluid velocity Vj across the boundaries
of the incoming and outgoing flow is constant. Therefore, the
stream function \ji at the upstream boundary is equal to ^-r2,
and the stream function at the outgoing boundary is equal to V.rz
(sin 0), where z is the axial distance from the impingement surface
and 9 is the angle between the jets' axis and the final flow direc-
tion of the outgoing flow. 4) The stream function \j/ on the free
surface is constant and, according to conditions 2 and 3, is equal
to 2^jrj2' where r. is the upstream jet radius.

The boundary for the incoming flow is established at an axial
distance Sr,. from the stagnation point. The boundary for the out-
going fluid sheet is at a radial distance 4r;. from the stagnation
point. These boundaries are based on experimental results2 and
represent the locations where the jet flow begins to deviate due
to impingement. Since the downstream boundary is chosen at
4r7-, then \j/ on this boundary is 4F/.r/-z(sin0).

Method of Solution
By assuming the surface contours of the two jets and the

contour of the impingement surface, and a set of boundary con-
ditions on these surfaces, a solution to Eq. (4) can be obtained
for each jet. A second boundary condition on each of the
assumed surfaces is then applied to determine whether the
assumed contours are correct. The solution for the jet flow is
obtained when the jets' boundaries satisfy both sets of boundary
conditions. The first boundary condition at each free surface is
that \j/ is constant and equal to i^/- The second boundary
condition is dijj/dn = Vj r. At the impingement surface, the first
and second boundary conditions are, respectively, ^ = 0 and the
pressure distribution of the two jets match. Solutions are
obtained for each jet separately, assuming an interface contour
and calculating the free surface contour which is correct for that
interface. If the interface pressure distributions do not match, the
interface contour is modified and the procedure is repeated.
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Fig. 2 Node notation a) for an interior point, b) with jet boundary
intercepting two mesh lines, and c) with two jet boundaries intercepting

all four mesh lines.

In order to obtain the results in a nondimensional form, the
stream function was set equal to 1 on the free surface and the
jet radius was assigned the value 1. Then from the equation for
the stream function along the upstream boundary, it is found that
V- = 2

In the finite-difference method, a square grid of spacing h is
superimposed on an axial plane with the origin placed arbitrarily
at the stagnation point. Finite-difference approximations of the
partial derivatives in Eq. (4) are formulated to calculate the stream
function, t/f, at the intersections of the grid lines. A successive
over-relaxation method is employed.

The finite-difference approximations of the partial derivatives
are

and

where the i,j subscripts refer to mesh points as shown in Fig. 2a.
Upon substitution into Eq. (4) one obtains

RADIUS FROM JET CENTERLINE, r/r

Fig. 3 Flow streamlines in circular jet impinging on a perpendicular
surface.

AIAA JOURNAL VOL. 10, NO. 7

Denoting two successive iterations by n and n+l9 then:

j+^ij+i + ̂ i.j-i] C11)
where co is the relaxation parameter.

Special finite-difference equations are required where one or
more grid lines is intercepted by a boundary of the jet as
shown in Figs. 2b and 2c. When all four mesh lines are
intercepted, the partial derivatives are approximated by

(12)

8r2

and \l/ is calculated from

(13)

fry I (W)

,+

2

(15)

The gradient d\l//dr at the free surface of the jet, used in
determining dil//dn, requires an "off-center" approximation which

f (16)

The calculations were performed on an IBM 1130 digital
computer.

Results
When the two impinging jets are equal in diameter, velocity

and dynamic pressure, the impingement surface is a plane
perpendicular to the axis of the jets. Thus, the interface is
known, and only the free surface is assumed and modified to
determine the flow pattern. The results are shown in Fig. 3
where the flow streamlines including the free surface contour
are given. The velocity and static pressure distributions are
shown in Fig. 4.

Figure 5 presents the calculated streamlines of two unequal
jets, and the corresponding velocity and pressure distributions
at the interface are shown in Fig. 4, where r. is the larger jet
radius.
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Fig. 4 Velocity and pressure distributions at the interface of impinging
circular jets.
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Fig. 5 Flow streamlines in unequal, opposite, circular jets.
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Elastic Behavior of Multilayered
Bidirectional Composites
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SEVERAL recent papers1"5 have addressed the problem of
defining the exact (elastic) response of composite laminates

under static bending. However, all of these studies have treated
laminates consisting of only a few layers, while in practical
applications, composite structures may consist of many layers, in
some cases, 100 or more. It is therefore appropriate that we
consider the response of multi-ply laminates with a view toward
examining the generality of previous conclusions regarding the
range of validity of the approximate theory normally used in the
analysis of these bodies, namely, classical laminated plate theory
(CPT).6

Previous investigations1 ~ ~ 5 have shown that the exact solution
for a particular composite laminate converges to the respective
CPT solution as the aspect ratio becomes very large. Further-
more, the exact solution for the stress field generally converges
more rapidly than that for deflection. In particular, a good
estimate for the maximum normal stress is given by CPT for
aspect ratios as low as 10, while for highly anisotropic materials,
the error in the CPT deflection estimate can be appreciable for
aspect ratios as high as 30. The objective of the present work is to
examine these trends for laminates composed of many layers.
Specifically, we treat the boundary value problem discussed in
Ref. 2 for square bidirectional laminates of edge dimension a and
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thickness h consisting of 3, 5, 7, and 9 layers under the surface
loading

qQ = a sin (nx/a) sin (ny/a)
(0 ̂  x ̂  a, 0 ̂  y ̂  a, -h/2 ^ 2 ̂ h/2)

where a is a constant. Each layer is a unidirectional fiber
reinforced composite possessing the following engineering
constants:

EL = 25 x 106 psi, ET = 106 psi, GLT = 0.5 x 106 psi
GTT = 0.2 x 106 psi, VLT = VTT = 0.25 ( '

where L signifies the fiber direction, T the transverse direction.
VLT is the major Poisson ratio, and the material is assumed to be
square-symmetric. All laminates considered are symmetric with
respect to the central plane, with fiber orientations alternating

Fig. 2 Shear stress distribution.
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